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Abstract— We study Markov Decision Process (MDP) games
with the usuwal +1 reinforcement signal. We consider the
scenario in which the goal of the game, rather than just winning,
is to maximize the number of wins in an allotted period of time
(or maximize the expected reward in the same period). In the
reinforcement learning literature, this type of tradeoff is often
handled by tuning the discount parameter in order to encourage
the learning algorithm to find policies that take fewer steps
on average, at the cost of a lower probability of winning. We
show that this approach is not guaranteed to solve the tradeoff
problem optimally, and hence a different strategy is needed
when tackling this type of problems.

I. INTRODUCTION

Suppose there is a game for which, after years of practice,
you know a nearly execution—optimal strategy, that allows
you to win 99% of the episodes played. Notice that, for
practical purposes, this means you have solved the game (or
are close to a “weak solution” in the sense of [1]). Further,
suppose the mean episode length for that strategy is 1000
“moves” (for example, die rolls or ply), each of which takes,
for instance, 6 seconds. If the “natural” [2] reinforcement
learning rewards of +1 on winning, —1 on losing, and O at
all other times translate into receiving $1, paying $1, and no
payout, respectively, every 10 hours played, you would win
0.99 episodes on average, with an expected profit of

$1 % 0.99 — $1 x 0.01 = $0.98.

Now, if your brother and usual sparring partner had learned
a further-from-optimal policy, in which two thirds of the
games are won but with a mean episode length of only
50 moves, he would win an average 6.67 episodes and
$3.33 in the same ten-hour period. Observe that, while the
second strategy leads to worse execution—it has a lower
winning probability—, in the long run, across a large enough
number of episodes, it outperforms the near-optimal policy
in both number of victories and the received payout per time
unit. Thus, tradeoffs between execution (the probability of
winning an episode) and speed (the inverse of mean episode
length) can be desirable—if you wanted to make a living
from the game in the example above, for instance.

This paper explores why, in many cases, the policies found
for games using a +1 reward scheme favour agent caution,
resulting in overlong episodes of high execution, i.e., in poor
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tradeoff. It also shows that discount, the traditional approach
to prompt the discovery of faster policies to the detriment
of execution, is not guaranteed to optimally solve tradeoff
problems of the type wins per unit step (hereon named
natural tradeoff) or expected reward per time step (greedy
tradeoff). This is done by introducing a transformation of
the policy space to a subset of R? in which undiscounted
tradeoff level sets are linear whereas discounted value fails
to have a functional dependency on policy features.

The focus of this paper are Markov Decision Process
(MDP) games. An MDP game comprises the same elements
of a common MDP, that is, a set of states observable by an
agent who can take actions that, with certain transition prob-
abilities assumed to hold the Markov Property, lead it from
one state to another, observing a real-valued reinforcement.
Additionally, in the MDP game there is a set of ferminal
states partitioned into “win” and “loss”. For convenience,
the custom is to assume transition from any terminal state to
itself with probability 1 and reinforcement O.

The reinforcement must provide the agent a representation
of the goal of the game. The usual approach to solve this kind
of games is to set a reinforcement scheme of O on transition
to nonterminal states, +1 on winning and —1 (or 0) on losing.
Reinforcement learning seeks the policy (mapping from the
state set to the action space, i.e. what action to take at each
point) that maximizes the expected reward from each state.
Observe that in both cases (+1 and {+1, 0} rewards), solving
the reinforcement learning problem is equivalent to finding
the game strategy that maximizes execution.

In a game, the expected cumulative reward of a determin-
istic policy m € II (where II is the policy space), called
the value of the policy, satisfies for all states the recursive
relationship [2]

V™(s) =Y _PL [Ry + V™ (s)], (1)

where s is an arbitrary nonterminal state, s’ are the states
reachable from s, PT, is the probability of going from s
to s’ following 7, R, is the reward received on transition
to s’ and 0 < ~ < 1 is a discount factor (with v = 1
corresponding to no discount). Equation (1) states that the
value of a state under a policy is the average of the sum of 1-
step reinforcements and the value of the next state, weighted
by the probability of reaching each possible next state.

A discount v < 1 is frequently used, as it ensures that
the infinite sum of future rewards is bounded—assuming
infinite episodes are possible—and, importantly, it makes
instant rewards more desirable, since rewards k steps in
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the future are worth only 7*~! what they would be if

received immediately. Thus, discount is in principle a way to
overcome the problem of having execution-optimal policies
that yield very long episodes.

The structure of the paper is as follows: section II presents
the necessary mathematical background and introduces a for-
malization of winning probability and mean episode length
of a policy as variations of equation (1). It also introduces
a linear method of computing the features of a policy. In
section III a sample game, Decision Snakes and Ladders is
introduced, and its discounted and undiscounted performance
related to the natural tradeoff problem is discussed in depth.
A non-value-optimal policy is presented and shown to have
better natural tradeoff performance than any discount-optimal
strategy. Section IV introduces a transformation of the policy
space to a subset of R? in which a whole family of tradeoff
problems, including natural and greedy, are linear on policy
features that depend only on speed and execution. Decision
Snakes and Ladders and an additional example are used to
show that even if some discount can sometimes improve the
tradeoff performance, since there is no functional dependency
between discounted value and tradeoff, it has no guarantees
of optimally solving tradeoff problems.

II. COMPUTATION OF A POLICY’S FEATURES

This section presents extensions of (1) to the winning
probability and mean episode length of a given policy. A
linear method for solving the resulting recursive relationships
is presented. Nevertheless, notice that such method is useful
only as long as it is feasible to invert a matrix of size |S|x |S]
(that is, with one column per state). Otherwise an iterative
computation method may be necessary. All of the following
computations correspond to an arbitrary, given policy 7. For
notational simplicity, the index 7 is omitted hereon. The
linear solution of (1) is commonly known. The solutions of
winning probability and mean episode length are similar to
[3], although the derivation varies somewhat.

A. Preliminary definitions

Let, for an MDP game with terminal-state set .S; par-
titioned into “win” (Syu:n) and “loss” (Sj,ss) states, the
reinforcements r(s’), nonterminal-state indicator i, (s), and
“win” indicator i, (s) vectors be

s’ e Swin
s e Sloss
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otherwise,
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We use the after-state reward notation (s’) in the rein-
forcement vector r to emphasize that the nonzero rewards
are received on transition to the terminal states. Additionally,
define the Modified transition matrix as the |S| x |\S| matrix

T with entries

0
)

Notice that if e is a vector of ones of appropriate size,
then Te = i,;.

= j, xS St
otherwise.

B. Value

Observe that, as a consequence of the convention of having
terminal states transition to themselves with probability 1
and reinforcement 0, the recursive value formula (1) can be
expressed in vector form as

v(s) =Y Ty (x(s') +7v(s),
v = ’Is‘/(r +yv),
which results in
v=(I-~T) 'Tr, )
and, in the undiscounted case
v=(I-T) 'Tr, 3)

C. Winning probability and mean episode length

Analogously to (1), the duration of the episodes from an
arbitrary state s following a given policy can be expressed as
the average of one step plus the duration from all possible
next states, weighted by the probability of reaching those
states, with the duration of an episode after it has terminated
being zero by definition (d(s € S;) = 0). Thus,

d(s) = > Tew (1 +d(s)),

d= T (e+4d),
d=(I-T) iy. “

From a nonterminal state s, the possibility of winning
is twofold. Its first constitutive element is the cumulative
probability of winning in one step and the second element
is the sum of the winning probabilities of all possible non-
terminal next states weighted by the probability of reaching
each of them,

pw(s) = Z Tss’ + Z Tss" pw(sﬁ)a

s’ €Swin s ¢St
Pw = Tiy, +Tp,,
Py = (I=T) " Ty, )

In all examples below, discounted and undiscounted val-
ues, mean episode lengths, and winning probabilities are
computed using (2), (3), (4), and (5), respectively. To ex-
tract the features from the initial state, the full vectors are
computed and the corresponding element chosen.
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III. DISCOUNTED DECISION SNAKES AND LADDERS

Recall the children’s board game Snakes and Ladders. 1t is
played on a board with—usually 10 x 10—numbered squares,
and the goal is to reach the final square. Players start outside
the board (or on square 1) and take turns at throwing one
or two dice and advancing a token the resulting number of
steps. Snakes and ladders are drawn between pairs of squares
in the board. If a player lands on a snake’s mouth, it must
move back to its tail. Likewise, landing on a stair’s bottom
pushes a player forward to its top. Observe that, as described,
the game requires no skill, only luck, and is a Markov chain
with simple well-defined transition probabilities and a single
absorbing state, the goal.

Nevertheless, it can easily be transformed into a Markov
Decision Process by including a set of actions available
at each state. Beaudry et al. [4], for example, proposed a
variation in which the player can choose between advancing
one step or throwing one die or two, in order to reach the
goal square as quickly as possible. Observe that the resulting
process, rather than a game as defined above, is a maze that
the player strives to exit in the smallest number of steps.

An alternative action scheme is explored here: to decide,
prior to the throw, whether to advance or retreat the number
of squares indicated by a single die roll. Further, the process
is made a game proper with the inclusion of at least one
terminal “loss” state. Figure 1 shows an instance of a
Decision Snakes and Ladders game, based on a 1901 board
(from the National Archives of Australia: A1786, 9557B).
The game is won reaching (blue) squares 100 or 80, and lost
reaching (red) squares 23, 37, 45, 67, or 89. Following the
standard rules of the original game, any move that would
take the player off the board leaves the token in the same
place (but still counts as one step).
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Fig. 1. An instance of Decision Snakes and Ladders.

A. The Undiscounted Optimal Policy

Assuming a +1 reinforcement scheme and no discount,the
solution to this game, that is, the policy that maximizes
the probability of reaching the “win” states, can be readily
found by any reinforcement learning method. A simple
implementation of Value Iteration [2] finds the solution—
shown in Figure 2—in seconds.
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Fig. 2. The undiscounted optimal policy is to move in the direction of the
arrows.

Observe that, after settling on any fixed policy, including
of course the value-optimal, the game becomes a Markov
chain again. Thus, it is possible to compute the mean episode
length and winning probability, using the formulae from
section II. The policy in Figure 2 has a winning probability
of 0.9722 from the O-state outside the board. Notice that
execution is not perfect because a sequence of die rolls such
as 1-6-1-4-6-1 results in a loss. Still, over 97% of the
instances are won following this policy, although the mean
episode duration is rather long: 84.58333 steps. This means
that, if as above, one die throw/move takes 6 seconds, a
reward scheme of $+1 results in about 6.90 episodes won,
out of 7.09 played every hour, for a net income of $6.70.

We maintain this is a remarkably long policy: Recall that
the goal of the game is defined—trivially—as fo win. From
the optimal policy shown in Figure 2, winning can be divided
into three distinct types of behaviours:

o Seek ‘““win”: Notice that the action for all valid states
between 68 and 88 point towards the “win” state at
square 80. Likewise, all valid states from 90 onwards
point to square 100.

o Avoid losses: This is most noticeable around the red
squares 37, 67 and 89. The optimal policy is such that
none of them can ever be reached, as the actions of all
valid states within six squares of them point outwards.
In fact, square 45 is also out of reach under this policy
and the disruption around 23, the only square where the

2011 IEEE Conference on Computational Intelligence and Games (CIG'11) 81



agent can lose, is caused by the strong attraction of the
stair at 21, leading straight to the vicinity of the wins.
These behaviours are not surprising; this is exactly what
can be expected from a policy that maximizes the probability
of winning (and minimizes that of losing). However, the third
behaviour is the most noteworthy:
« Stay safe: Observe that the actions of the squares 9-
22 form a “vortex” centered around squares 16 and
17. Once any state in that range has been reached, the
agent will tend to circle the center until the appropriate
combination of die outcomes puts the token on 16 and is
followed by a 5, sending it straight to square 82. During
a stay inside the vortex, the agent is not so much moving
towards the wins or away from the losses, as waiting for
the—relatively rare—chance to safely move forward.
Moreover, 9-22 is not the only vortex of the optimal
policy; similar combinations occur at states 56—-66 (centered
at 57-58), 25-36 (centered at 29-30) and 1-6 (centered at
1-2). This initial vortex is the most remarkable, as the agent
cannot elude it and is immersed in it from the start of the
game. Thus, beginning every game, the agent must spend
an average of 42 steps ostensibly doing nothing, waiting for
the right die throws to put it on 1 followed by a 6 to get
it to square 7, from where it will either get a 1 and move
to the 25-36 vortex or any other number and into the 9-22
one. Furthermore, the only way out once state 26 has been
reached is to get a 6 from state 30 unto 24, from where the
player can lose with a 1 on the die, go to 82 with a 2, or
enter

100
|

state

step

Fig. 3. Sample episode following the undiscounted optimal policy.
Hence, following the optimal policy, episodes—such as the
sample one shown in Figure 3—follow with high probability
the predictable path of long stays in the vortices, with a
number of returns to the one between squares 9-22, before
eventually escaping through the 21-82 stair and winning.
Since the policy comes from the value iteration algorithm
with a certificate of optimality, these long safe circles around
the vortex centers are required to ensure the highest possible
chance of winning, although they do seem rather wasteful.
This kind of behaviour can be termed “not losing, even if
not (yet) winning” and conceptually fits the definition of an

undiscounted optimal strategy: to circulate safe areas for as
long as is necessary to ensure that the “loss” states are likely
to be skipped, irrespective of whether that also extends the
expected time to safely win. This is the reason why the pure
(undiscounted) optimal game policies yield high execution
in long episodes and discount is used.

B. Discount

Is it really necessary to spend a full half of the average
episode waiting to get to the seventh square, and then merely
jump into one of two other vortices? Obviously, it is for the
policy to be execution-optimal, but assume that a mean of
84 steps per episode is prohibitively expensive. Suppose, for
example that the problem at hand is natural tradeoff, that 6.9
wins per hour are too few. The common approach to find
policies that transit “the shortest path through the state space”
[5], “goading the player into trying to win sooner rather than
later” [6], and “finding the target at a lower [time]” [7] is to
discount the reward with a factor v < 1 in equation (1).

A review of the reinforcement learning literature shows
that a usual—if seldom justified—discount rate is v = 0.9
[6] [8] [9] [10] [11] [12] [13] [14] [15] [16]. A little tweaking
with the parameter shows that values around v = 0.95
are better in Decision Snakes and Ladders. The resulting
discounted optimal policy, shown in Figure 4, gets rid of the
initial vortex, making the optimal action for squares 1 to 16
to move forward, and is riskier in squares 25 and 26, pointing
towards the stair bottom at 21 at the danger of landing on 23
and losing (which could only happen from 24 before). The
new optimal policy yields a mean episode length of only
35.6089 steps and a winning probability of 0.9392, so speed
has more than doubled at the small price of a loss of under
5 points in execution. In our example of 6 seconds per die
throw, after discount, the number of wins per hour increases
from 6.90 to 16.85.

Fig. 4. Discounted optimal policy, v = 0.95. Outlined arrows correspond
to actions that differ from the undiscounted optimal.
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C. Better than (discounted-)optimal

The preceding results show that using a discount rate
smaller than 1 does indeed improve the temporal perfor-
mance and, as expected, pushes the player to winning
sooner—albeit slightly less frequently. Still, the discount
factor y is a parameter, and it does have to be set somehow.
Furthermore, consider the policy pictured in Figure 5.

Fig. 5. A non-optimal policy with better natural tradeoff performance
than the discounted and undiscounted optimal policies. Outlined arrows
correspond to actions that differ from the undiscounted optimal.

Notice that it is a much less cautious policy than the
undiscounted optimal; the squares 1-33 are now a giant
vortex centered at the stair bottom in square 21. Typical
episodes under this policy will head towards that square at
a heightened risk of falling on 23—now reachable in one
die throw from 17-20 and 24-26—and losing. It turns out
to yield an ostensibly lackluster execution, with a winning
probability of only 0.48673. However, with a mean episode
length of 11.17627—equivalent to 26.13 wins per hour on
average with 6-second plays—it far surpasses both the un-
and discounted-optimal policies.

It can be proved, although that exceeds the scope of this
paper, that the policy in Figure 5 is natural-tradeoff-optimal,
but it suffices here to show it outperforms discount-optimal
policies, and to call it “tradeoff-better”. Table I summarizes
the speed, execution and tradeoff ratio for both optimal and
the tradeoff-better policies.

Figure 6 shows the winning probability/episode length
ratio of the optimal policies found as the discount factor
varies. For comparison, the ratios of the undiscounted-
optimal and tradeoff-better policies are highlighted. Observe
that the policy discussed above for v = 0.95 remains optimal
for discounts in the ~ [0.928, 0.987] range and has the best
tradeoff performance of the discounted-optimal policies. It is,
nevertheless, quite far from the best known, corresponding
to the reckless policy of Figure 5.

TABLE I
SUMMARY OF THE POLICIES DISCUSSED

Uniscounted—optimal

Winning Mean episode Natural
Policy probability length tradeoff ratio
Puw d Buw
Undiscounted-
o Olgfl?;‘;e 0.97222 84.58333 0.01149
Discounted-
‘;;‘t’i‘rl:a'f 0.93918 35.60892 0.02637
“Tradeoff-
. 0.48673 11.17627 0.04355
g 8-
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Fig. 6. Winning probability / mean episode length ratio of the value-optimal
policy as -y varies.

Remarkably, the main perceived advantage of using dis-
count, making infinite episodes tractable, acts here to the
detriment of the secondary perceived advantage, urging the
player to win sooner. Observe that too much discount, v <
0.89 in Figure 6, results in an optimal policy that has infinite
mean episode duration—and hence O tradeoff ratio. This
happens because, compared with the undiscounted-optimal of
Figure 2, the policy found keeps the vortex between squares
9-22, maintaining the “loss” at 23 out of reach while aiming
for the stair at 22, and at the same time creates an inescapable
vortex between 24 and 35, reachable from the stair at square
7 and leading to infinite episodes. Overall it is a policy that
never loses, winning relatively quickly when it does win, or
else entering an infinite loop.

For all values of v < 1, particularly those yielding policies
with zero tradeoff ratio, winning sooner is inevitably tied
to losing slower, or not at all, which, opening the door to
infinite episodes, is not good when the goal is to use the
inverse mean episode length as an indicator of performance.

IV. MAKING TRADEOFF PROBLEMS LINEAR: THE w — [
SPACE

In this section we introduce a framework for transforming
the policy space of a +1-reinforced MDP into R? in such a
way that a general class of tradeoff problems corresponds to
discrete linear problems in the resulting space. The example
from the preceding section is studied under this new outlook
and a further example is used to prove that there is no
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functional dependency between tradeoff values and discount,
so the use of a discount factor is not guaranteed to optimally
solve any tradeoff problems.

This far, an implicit assumption is that games have a
known, unique initial state, from which the winning proba-
bilities and mean episode lengths are measured. In Decision
Snakes and Ladders the initial state lies “outside the board”
on an imaginary square 0 from where the first move starts.
Generally a single initial state sy can be assumed to exist,
either as an actual unique start (as in Chess), or as a
dummy state with a single action and transition probabilities
representing the distribution of all possible game starts
(permutations of cards from a deck, for example).

Let pT (sg)—or equivalently, just p,,— represent the prob-
ability of reaching a “win” terminal state from sy following
an arbitrary policy 7 € 1II, i.e., the probability of winning the
game following that policy. Likewise, let d™(sq), simplified
as d, represent the mean duration (in steps) of the episodes
played following 7.

We define the values w and [ of an arbitrary element of
the policy space (index 7 omitted hereon) as the duple

Observe that, since p,, € [0, 1] and, except for trivial
games won or lost before starting, d > 1, the following
properties must hold:

o W, l 2 0,

o W +l = § 1,

e Dy = 1=1=0,

o Dy — 0= w= O,

e limg_, oo (w, 1) = (0,0).

Hence, any policy can be represented in the w — [ space
as a point inside the triangle with vertices (0, 0), (0, 1),
and (1, 0). Further, all policies with infinite episodes—and
thus infinite mean episode lengths—are collapsed into the
origin, whereas policies that terminate in just one transition
form the line w + ! = 1, the diagonal of the triangle.
Also the w and [ axes—excluding the origin—correspond
respectively to policies that always win and always lose.
Figure 7 summarizes these properties in the w — [ coordinate
system.

The inverse transformation, from w — ! to winning prob-
abilities and mean episode lengths is

w 1
o= (57 577)

Consider a game with a terminal reinforcement r,, > 0
on winning and —r; < 0 on losing, not both simultaneously
equal zero. For value to equal winning probabilities, for
example, r,, = 1 and r; = 0; in the usual scheme, r,, =
r; = 1. Observe that for an arbitrary policy the undiscounted
value of the game (from its initial state) would then be the
sum of r,, when it wins (with probability p,,) and —r; when
it loses (with probability 1 — p,,),

v = (Tw + Tl)pw -7 6)

-

nte Il

Fig. 7. Policy w — [ space.

Notice that even for asymmetric terminal rewards, undis-
counted value is a linear function of the winning probability,
so maximizing value equals maximizing performance in all
cases. In the w — [ space, equation (6) becomes

T — Tl
w~+ 1

Now consider the generic tradeoff problem of maximizing
the received payout per unit of time. The model problem has

the form:
CANE (ra + 71)Pw — 11
ma () = ma () o
which in the w — [ space simply becomes
wW — Til) 8
g (e =l ®

All tradeoff problems of the class discussed, then, are
linear in w — [. For example, natural tradeoff, the maximum
number of wins per step, is simply the policy with largest
w component. Likewise, greedy tradeoff, maximum received
payout per unit of time in a +1-reinforced game, is a linear
problem with level sets parallel to the w = [ line.

Naturally, realizing that tradeoff problems are linear in the
w — [ space does not (yet) bring us any closer to solving
them. Recall that reinforcement learning just knows how
to maximize expected cumulative (un)discounted rewards,
which so far have only been shown to match winning
probabilities when v = 1. Technically, tradeoff problems re-
main, non-linear, non-reinforcement-learning problems. The
w — [ transformation can, nevertheless, shed light upon the
inadequacy of discount to optimally solve the kinds of win
sooner problems it is supposedly suited for.

Figure 8 shows five million randomly generated termi-
nating Decision Snakes and Ladders policies (out of 272
possible) in the w — [ space, together with the convex hull
they induce. Observe that many policies have 0 winning
probability and, in general, the fastest policies have poor
execution. Figure 9 shows the bottom of the convex hull of
the random policies, the convex hull including the discounted
optimal and the tradeoff better policy and the w — [ trans-
formation of the discount-optimal policies from Figure 6.
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Fig. 8. Five million random Decision Snakes and Ladders policies in the
w — [ space.

As the rewards are increasingly discounted, reducing -, the
resulting optimal policies initially move forward (have larger
w component) up to a point, and then begin to recede before
stabilizing in an optimal policy that has infinite mean episode
length, located at the origin in the w — [ space. This is
the same behaviour already shown in Figure 6, but with an
added noteworthy perspective: observe that the red point on
the discount-optimal policies trajectory, optimal for discount
values 0.89 < v < 0.90, must lie inside the convex hull of
the (complete) policy cloud. This shows that even if, as in
this case, some discount might solve some tradeoff problems,
as long as the optimal policies remain vertices of the convex
hull, there are absolutely no guarantees that all discount-
optimal policies will solve some tradeoff problems. Lying
inside the cloud, the discounted optimal policy corresponding
to the red point fails to optimize any tradeoff. It is, thus, little

Convex hull, random policies
CH including discount optimal and tradeoff better
0.01 —e— Path of discount optimal policies

o f e
2| Best known
&

7<0.89 v=1 w

0.02637

Fig. 9. Top: Discounted optimal and convex hull of random policies in the
w — | space. Bottom: detail.

less than a leap of faith to expect discount, despite some
improvement for v close to 1, to solve tradeoff problems
of the form (7)—(8) to optimality. Furthermore, the discount

factor remains a parameter that, even to obtain suboptimal
tradeoff performance, needs to be set somehow.

The inability of discounting rewards to optimally solve
tradeoff problems can be best explained formally with a
simple example. Consider a MDP game with only two
intermediate states, sg and s, and single “win” and “loss”
terminal states, s,, and s;, respectively. Assume there are
only two available policies, shown in Figure 10:

1LY (L%)

Fig. 10. A game with two policies.

It is easy to compute the features of m; and 5. Both
policies clearly have a winning probability of 0.5 and both
can be shown to have a mean episode length of 2.5 steps.
Therefore, both policies have the same undiscounted initial-
state value (v; = wvo = 0), correspond to the same point
in the w — [ space, (%, %) and have equal fitness in any
tradeoff problem. Nevertheless, observe that if rewards are
discounted by a factor v, initial-state values become:

= 31 =7)
LT (3 =2y
S o))
? 22 -7)

Figure 11 plots policy values as functions of 7. Observe
that, since all wins from sy under 7, are “delayed” at least
one step to s; plus some number of self-transitions there,
whereas when it loses, it does so in just one step, the negative
reinforcement associated with losing is less discounted than
the positive reinforcement on winning, so discounted vy is
always negative. Likewise, for 7o, since losses take one step
more than wins after leaving sq, the positive reward is always
less discounted than the negative, and discounted v is always
positive.

Thus, two policies that in the w—1 space are indistinguish-
able, and therefore equally fit to solve any tradeoff problem
of the family (7), for any v < 1 have not only different
initial-state values, but of opposite signs. This shows that
there is a fundamental disconnection between discounted
value and balancing policy execution and speed. Formally,
the example proves that there is no functional dependency
between tradeoff and discounted value so, in fact, discount
comes with absolutely no guarantee of improving tradeoff,
and, if at all, it does improve at the cost of making the
analysis more complex and requiring fine tuning to only
achieve suboptimal behaviour.
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Fig. 11. [Initial state value as a function of the discount factor.

V. CONCLUSIONS

It has been often recognized that there is a difference
between seeking to maximize the probability of winning—
the usual goal in undiscounted +1-reinforced games—and
searching policies that balance winning as much as possible
while doing it as quickly as possible. In the first case,
we maintain that, unless long loops are explicitly punished
(as “threefold repetition” rules do in Chess, for example),
undiscounted-optimal policies will show the same three be-
haviours described for the optimal policy in Decision Snakes
and Ladders: seeking “win” states, avoiding “loss™ states,
and, specially, to avoid risk, circling emergent loops of
nonterminal states until a—Ilikely rare—opportunity arises to
move forward to the goal.

Regarding the execution/speed balance, the example shows
that properly tuned discount does indeed improve perfor-
mance, reducing the mean episode length from ~ 84 to ~ 35
steps while only losing about 5% more games. However, an
even better policy was presented, remarkable because it is
never visited in the path of optimal policies as the discount
factor gamma varies.

We argue that discounted-optimal policies fail to solve
tradeoff problems because of the inherent bias they show
on giving preference to not only winning fast, but to the
combination of quick-winning (little discount of positive
rewards) and slow-losing (making negative reinforcements
insignificant through discount). This eventually results in
optimal policies of infinite episode length, non-losing by
definition, but with tradeoff 0.

The w — [ space was introduced as the natural arena
in which to analyse tradeoff problems, given that a whole
class of execution (or payout) / duration balancing tasks
are linear in it. Additionally, under that new framework,
the inability of discount to solve that kind of problems was
further exposed by showing the fundamental schism between
discounted value and tradeoff, as policies of equal fitness,
corresponding to the same point in the w — [ space, can have
widely different values, and also showing that discounted

optimal policies can lie inside the convex hull of the policy
space, and thus fail to solve (therein linear) tradeoff problems
optimally.

Finally, it was suggested that the “tradeoff-better” policy
of Figure 5 optimally solves the natural tradeoff problem for
the instance of Decision Snakes and Ladders used as exam-
ple. A future paper will present the required mathematical
framework required to propose a rewards model with linear
level sets in the w — [ space, together with an algorithm that
shows when a policy solves a given tradeoff problem and
that tunes the rewards to find such optimal policies.
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